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3. Outline.

Integral Geometry, known in applied circles as Geometric Probability, is
somewhat of a mathematical antique (and therefore it is a favorite of
mine!) From it developed many modern topics: geometric measure
theory, stereometry, tomography, characteristic classes. . .

Integral geometry examples:

m Buffon's needle problem.
m Firery’s dice problem

Kinematic measure.

Poincaré’s Formula for average number of intersections of curves.
Cauchy’s Formula for the average projected length.

Crofton's Formula for the average chord length.

[@ Santald’s & Blaschke's Formuls for the averages over the of the
intesection of two domains.

Application to the Isoperimetric Inequality.



4. Integral Geometry. First Example.

Theorem (Buffon's Needle Problem [1733])

Parallel lines on a wooden floor are a distance d apart from each other.
A needle of length ¢ (¢ < d) is randomly dropped onto the floor. Then
the probability that the needle will touch one of the lines is

%
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Figure: Buffon's Needle is randomly dropped



5. Integral Geometry. Second Example.

Theorem (Firey’'s Colliding Dice Problem [1974])

Suppose Q1 and Q0 are disjoint unit cubes in R3. In a random collision,
the probablity that the cubes collide edge-to-edge slightly exceeds the
probability that the cubes collide corner-to-face. Indeed,

0.54 = P(collide edge-to-edge) > P(collide corner-to-face.) = 0.46.

Toss die randomly

Edge-to-edge collision Corner-to-face collision

Figure: Almost all random cube collisions are edge-to-edge or corner-to-face.



An unoriented line in the plane is determined by two numbers, p the
distance to the origin and 0, the direction to the closest point.
The variable range is 0 < p and 0 < 6 < 27.

Equivalently, we may take the range —co < p < oo and 0 <79 < 7.

) Foot point

A

Figure: (p, 8) coordinates for the line L.

The equation of the line L(p, ) in Cartesian coordinates is

cos(f)x +sin(f)y = p (1)



A rigid motion M of a set of points is given by a rotation by an angle «
followed by a translation by the vector (xo, yp). Thus

() =4G) = (o) (e ') §)

Thus the inverse motion is therefore given by

X 1 (X cosa  sina) (X — x
G-+ ()= &))@
y y sina cosa) \y' — yo
The mobile line L(p, #) may be thought of as moving the fixed line

L(0,0) by the translation (x,y) — (x + p, y) followed by the rotation
about the origin by angle 6.

The first task is to find a measure on a set of lines that is invariant under
rigid motions. This measure will be called KINEMATIC MEASURE.



8. Kinematic measure.

The kinematic measure for lines in (p, 0) coordinates is given by
dK = dp A db.

To check that this measure is invariant under rigid motions, let us first
determine how (p, @) in the equation of the line (1) is changed by a rigid
motion M. We express (x, y) in terms of (x',y’) using (2)

p = cos(0)x + sin(0)y
= cos(6) [cos(a)(x" — x0) + sin(a)(y’ — y0)]
+sin(0) [ sin(a) (X" — x0) + cos(a)(y’ — y0)]
= [cosf cosa —sin @ sina] (x' — xo)
+ [cos B sina +sinf cosa] (y' — o)
= cos(0 + a)(x" — xo) +sin(0 + a)(y' — yo)

or the equation of the new line L’ becomes

p + cos(f + a)xg + sin(6 + a)yp = cos(f + a)x’ +sin(6 + a)y’.



Thus we read off the (p/,0’) coordinates of the line L' = M(L).

p = p+cos(f + a)xp +sin(f + a)yo
0 =0+ a.

Then the Jacobian formula for the change in measure is
dp' AdO' = |J|dp A dO

where

o0 o
B 8(p/,9I) B op 00 ’1 %

Ap.0)  \ap o0

ap 00
Thus we have shown that the kinematic measure is invariant under rigid
motions. O

J




We view (p’, 6') as function (p, ). The differentials are thus

dp’ = dp + {—sin(f + a)xo + cos(6 + a)yo } d,
do’ = do.

Recall that wedge is a skew product so that dp A df = —df A dp and
dd A df = 0. Hence

dp’ A d0' = (dp + {—sin(0 + a)xo + cos(8 + a)yo } df) A db
=dp A do.



11. The measure of lines that meet a curve.

Let C be a piecewise C! curve or network (a union of C! curves.) Given a
line L in the plane, let n(L N C) be the number of intersection points. If
C contains a linear segment and if L agrees with that segment,

n(C N L) = oo. For any such C, however, the set of lines for which

n = 0o has dK-measure zero.

Theorem (Poincaré Formula for lines [1896])

Let C be a piecewise C* curve in the plane.
Then the measure of unoriented lines
meeting C, counted with multiplicity, is
given by

2L(C) = / n(C N L)dK(L).

L:LNC#D
Figure: Henri Poincaré { a

1854-1912



12. Key idea in IG: integtrate over a set S in two different coordinates.

For simplicity we assume C is a C! curve Z(s) = (x(s), y(s)).
parameterized by arclength. Thus there are x(s), y(s) € C'[0, so] such
that the tangent vector Z = (x, y) satisfies |Z| = 1. By adding the
formulas for C! curves gives the formula for integrating a piecewise C*
curve.

Let us consider a flag which is the set of pairs (L, Z) where L is a line in
the plane and Z € L is a point. The set of lines and corresponding points
that touch C gives the subset of the flag

S={(LZ);LNC#0D, ZelLNC}

The line is determined by the coordinates (p, #) and the point Z € L by
an arclength coordinate g along L from the foot-point (pcosf, psinf).

> 1) dK (3)

ZelnC

ndK = (
{L:LNC#0} {L:LNC#0}



13. Compute the integral of S in different coordinates.

On the other hand, the set S can be determined by the point

(x,y) = Z € C first and then L can be any unoriented line through Z of
angle 0 < n < 7 (positive and negative orientations give the same line).
Thus we may replace (p, ) by the coordinates (s, 7). Using

p = x(s) cosn + y(s) sinn.
(p,n) € (—o0,00) x [0,7) are same lines as (p,0) € [0,00) x [0,27). So
dp = {X(s) cosn + y(s) sinn} ds + {—x(s) sinn+ y(s) cosn} dn.

Changing to (s,7), using tangent direction (X, y) = (cos ¢(s), sin ¢(s)),

op 0p

ds on Cos¢ cosn +sin¢g sinn  *
df)dn:’ ‘dsdn:‘ ’dsdn

on on 0 1

ds On

= | cos(¢(s) —n)|ds dn.



Using Fubini's theorem (slicing formula), we may reverse the order of
integtation in (3) over the set S,

d1

( )dK:
{LLnc£py NPEL (z:ZeC} {L:zeL}

://|cos(¢(5)—77)|d77d5
00

dpdn



15. Convex sets. First geometric probability example.

A nonempty set Q C R? is convex if for every pair of points P, Q € Q,
the line segment PQ C Q. The integral geometric formulas hold for

convex sets. Since n(L N 0N) is either zero or two for dK-almost all L,
the measure of unoriented lines that meet the a convex set is given by

L(9Q) = / dK.
(L:LAQ£0}

The conditional probability of an event A given the event B is defined to

be P(A|B) = Z552).

Theorem (Sylvester's Problem [1889] )

Let w C Q be two bounded convex sets in the plane. Then the
probability that a random line meets w given that it meets 2 is




16. Another application to Geometric Probability.

Corollary

Let C be a piecewise C! curve contained in a compact convex set Q. Of
all random lines that meet S, the expected number of intersections with
with C is

_ 2L(0)

Hence, there are lines that cut C in at least 2L(C)/L(0R2) points.
B f{L:LﬂC;ﬁ@} ndK _2L(C)

 Jiinazey 9K L(09)
The maximum of n exceeds the average. [

L

Proof. Since § is convex, E(n)

Figure: Average number of intersections L N C of a line L meeting Q.



Figure: Width and support function of convex Q in 6 direction.

For 6 € [0, 27), the support function, h(f), is the largest p such that
L(p,0) NQ # 0. The width is w(0) = h(0) + h(6 + ).



Theorem (Cauchy’s Formula [1841])

Let Q be a bounded convex domain. Then

27 T
me:A mmw:lmwwa@)

2r  rh(0)
1@@:/ M:/ / dp d6
{L:LNQ£0} o Jo

2w ™
= / h(0) df = / h(0) + h(6 + 7) dO
0 0
Figure: Augustin Louis Cauchy

1789-1857 = /0 w(#)dd. L




19. Area in terms of support function.

Theorem

Suppose Q) is a compact, convex
domain with a C?> boundary. Then

2w 2w
1 1 .
A(Q) = 5 / hds = 5 / h(h+h) d6.
0 0
(6)
Write Z(6) for the point Figure: Area on polar coordinates.

L(h(0),0) N OQ2. The outer normal
is n(6) = (cos,sin6).

d i}
Z(6) en(0) = h(6) Thus 52 = h+ 50 A() = / dA
Since n = (—sinf,cos?), and Z is o o @
tangent,h:ho_Z+n.Z:ﬁ.Z, _1/ _1/ ..
Thus Z = hn + hi. Hence, =5 [hds=5 [ h(h+h)do. [
0 0

Z = hn+ hn+ hia — hn = (h+ h)n.



Figure: (p,0) coordinates for the closest crack L.

Fix needle N, a line segment of length ¢ centered at origin. Move floor.
¢ < d implies only the cracks closest to the origin could touch the needle.

d
So we consider crack lines L so that dist(L,0) < > iff CNL+#0, where

d
C the circle about the origin with radius 5



Note that if LN N # ) then n(LN N) = 1. The probability of needle
hitting a crack is

Jwiowgey n(LONYAK(L)  2u(v) 20 2

P - - _ .
Jit:incny 9K (L) L(C) 2r-¢ nd

An experimental determination of .

2£N2£ n

~ — s —

where x is the number of times needle touches crack in n trials.
Wolf, in Zurich (1850), tossed 5000 needles and found 7 ~ 3.1596.
A Scotsman, Smith (1855), repeated with n = 3204 and found

7 = 3.1553.



22. Crofton’s Formula.

Figure: Morgan William
Crofton 1826-1915.

Theorem (Crofton’s Formula [1868])

Let D C R? be a domain with compact
closure, L C R? a random line and

o1(L N D) be the length (one-dimensional
measure). Then

7 A(D) = / o1(L N D) dK(L).
{L:LND#£0}

Let the subset of the flag be
S={(L,2):LnD+#0, ZelLnD}.
A point in S is given by coordinates (p, 0)
describing the line and g, arclength in L
from the foot point.



Denote the right side by Z. By extending —oo < p < oo, we
double-count the lines.

I:/ o1(L N D) dK(L)
{L:LND#0}

:/ (/ dq) dp do
{L:LnD#0} \ JDNL
27 o) 00
=/ / / xpn(q) dg dp df
0 0 —00
1 27 00 o)
= 5/0 / / xpn(q) dg dp do

where xpny is the characteristic function:

1, ifgeDnNlL;

xont(q) = {0, ifq¢ DNL.



Observe that for the line L(p,#) we have xpnr(q) =1 if and only if the
point in the plane corresponding to (p, q) lies in D, namely

(x,y) = P(cosB,sin ) + g(—sin b, cos 0)
= (pcosf — gsinb,psinf + gcosh) € D

thus
XL(,s,e)nD(Q) = xp(x,y).

The change of variables to (x, y) is just rotation by angle 6. Thus

dx A dy = [cos(0)dp — sin(6)dq| A [sin(6)dp + cos(0)dq] = dp A dq.



Now we think of S another way. First pick Z € D and then L is any line

through Z.
1 2m oo [e'¢)
1 / / / vori(q) dq dp df

2w
/ / / xp(x,y) dxdy df

:5/0 A(D) 6
=1 A(D).



Figure: Two random lines that meet Q

Corollary (Crofton [1885])

Let Q2 be a bounded convex domain
in the plane. Then the probability
that two random lines intersect in <
given that they both meet €2 is

21 A(2)
P=Teae:

By the isoperimetric inequality,
47 A(Q) < L(092)? with equality
only for circle, the probability

satisfies )
P<—-.
-2

Equality holds iff 2 is a round disk.



27. Compute the expected number of intersections of two lines.

Proof. Let Li(p1,601) and Ly(p2,62) be two random lines whose invariant
measure is dK1 A dKy = dpy A dB1 A dpa A dBs.

View A1 = L(p1,61) N2 as a subset. By (4), the average number of
times that a random line L(p2, 02) meets A; given that it meets Q is

_ 201 (Q N L(p1, 91))
- L0

E(n)

Poincaré’s and Crofton’'s Formulaee => probability that two lines meet is

sy Jisnaze "M N L2) dKy dK;

a f{Ll:LlﬁQ;«é@} f{LZ:LgﬂQ;é@} dkz dKq

 Jennazoy B(n) dKy 2 [y a0y 01(Q 0 L(py, 01)) dKy

B f{leleQ;ﬁw} dKy L(02) f{leleasz;é@} dKki

_ 2mA(Q)
L(0Q)2

P =E(n)

O




What is the average length of a chord of a compact convex set Q7



What is the average length of a chord of a compact convex set Q7
There are many answers. Depends on what “random line” means.



What is the average length of a chord of a compact convex set Q7
There are many answers. Depends on what “random line” means.

Uniform distance from origin and uniform angle (proportional to dK)
_ Jit-1n00.0) 71 dK _ TA(Q)
Jit1n00.0) 9K L(62)

E(o1)



What is the average length of a chord of a compact convex set Q7
There are many answers. Depends on what “random line” means.

Uniform distance from origin and uniform angle (proportional to dK)
B f{L:maQ;ém} o1dK 7 A(Q)

 Jiviroozn K L(09Q)
Uniform point on boundary and uniform angle

1 L(0Q)
EQ(Ul):m/O /; 01 df ds

E(o1)



What is the average length of a chord of a compact convex set Q7
There are many answers. Depends on what “random line” means.

Uniform distance from origin and uniform angle (proportional to dK)
B f{L:LﬂBQ;«é@} o1dK 7 A(Q)

 Jiviroozn K L(09Q)
Uniform point on boundary and uniform angle

1 L(0Q)
EQ(Ul):m/O /; 01 df ds

Two uniform random points on the boundary

1 L(6%Q2) L(6%2)
E3(O’1) = W/O /0 01 dSl d52

E(o1)



What is the average length of a chord of a compact convex set Q7
There are many answers. Depends on what “random line” means.

When Q is disk of radius R,

Uniform distance from origin and uniform angle (proportional to dK)
 Jiwroasy 19K 7 AQ) _7R
Jitnonz0y 9K L(oQ) = 2
Uniform point on boundary and uniform angle
4R

1 L(0Q) T
Ea(o1) = m/g /0 o1 d6ds s

Two uniform random points on the boundary

1 L(OQ) rL(0Q) AR
E3(o1) = W/O /0 o1 dsy dsp S

E(o1)



Let C and I be two piecewise C! curves in
the plane. Using rigid motion, we move I
around the plane

M= Mape(l).

M b4 is rotation by angle ¢ followed by
translation by vector (a, b)

x' = xcos¢p — bsing + a

y' = xsing +ycoso+ b

The Kinematic Density is the invariant
measure on motions of [’ given by

dK =daAdbAdo.
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The Kinematic Density is the invariant
measure on motions of [’ given by

dK =daAdbAdo.



Let C and I be two piecewise C! curves in
the plane. Using rigid motion, we move I
around the plane

M= Mape(l).

M b4 is rotation by angle ¢ followed by
translation by vector (a, b)

x' = xcos¢p — bsing + a

y' = xsing +ycoso+ b

The Kinematic Density is the invariant
measure on motions of [’ given by

dK =daAdbAdo.



30. Poincaré’'s Formula.

Theorem (Poincaré’s Formula for intersecting curves [1912])

Let C and T be piecewise C' curves in the plane. Let n(C NT') denote
the number of intersection points between C and a moving I'. Then

n(CNT)dK () = 4L(C) L(T).
{r":CAr'#£e}

We show the formula for C* curves and add to get it for piecewise C?
curves. We give two computations of the integral over the “flag” subset

S={(",X):Cnl"#£0, XecCnr'}.

For simplicity, suppose the origin 0 € C and 0 € T.



r/ (ab)

Figure: Attach a unit frame to the moving curve.

Let 7 be the integral over S the first way.

7= / ndK = Zl)dadbdgb (7)

{r:CAr£0} {I7:CAr'#0} (ZGC”F'

For the second equivalent way, we pick a point Z common to both curves
first and then the angle 1) between the tangents of C and I''.



Y= ¢+p(t)-as)

Figure: Angle between C and 7 at Z.

Let s be arclength along C from the origin and t arclength along I' from
the origin corresponding to the common point Z € CNT'. Let a(s)
denote the tangent angle at (x(s), y(s)) € C and [(t) the tangent angle
at (u(t),v(t)) € I'. The coordinates (x,y) of Z are given in two ways
x(s) = a+ u(t)cos¢p — v(t)sin ¢
y(s) = b+ u(t)sin ¢ + v(t) cos ¢
)= ¢+ B(t) - afs)



Change to (s, t, 1) coordinates for S. Differentiating the defining
equations,

x(s) ds = da+ [u(t) cosp — v(t)sing|dt — [u(t)sind + v(t)cos¢|do
y(s)ds = db—+ [u(t)sin + v(t) cos ¢|dt + [u(t) cos ¢ — v(t)sin ¢|d¢
dip = do+ B(t) dt — a(s) ds

Using (cos o, sinar) = (X, y) and (cos 3,sin 8) = (i, v), the kinematic
density is thus da A db A d¢

_ [( )ds — [i(t) cos p — v(t)sin@]dt + [u(t)sind + v(t)cos @] dgb}
[ (s)ds — [u(t)sin ¢ + v(t) cos | dt — [u(t) cosp — v(t)sin qﬁ]dqﬁ}
A [dd) B(t) dt + af )ds]

= (—x[using + vcosg| + y[iucosp — vsind]) ds A dt A dip
= —sin(4) ds A dt A dip.



Using Fubini's theorem, we find another expression for (7)

I://7dadbd¢://7\sin(¢)]d¢dtds:4L(C)L(F). 0
cro cr o



35. Santald’s Theorem for convex domains.

o \I -
A )
Y
Figure: Convex domains have convex

Figure: Luis Santalé 1911-2001. intersection.

Theorem (Santalé’s Formula for convex domains [1935])

Let Q1 and Q be convex plane domains. We assume that €, is moving
in the plane with kinematic density dK>. Then

/ dKy = 27T{A(Ql) + A(Qg)} +L(0Q1)L(0D2).  (8)
{Q: N0 #£0}



Figure: Extent D of moving center so
domains overlap.

h(«) is the support function for g;
g(«) is the support function for Q.

We approximate by convex sets 1
and Q5 with piecewise C?
boundaries. The second domain

Qf, = M, is moved by a rotation
of angle ¢ followed by translation of
vector (a, b). The kinematic density
is dK =daAdbA do.

Fix ¢ and consider D(¢), the
set of moving centers (a, b) of
Q,(¢) such that the domains
overlap: Q1 N Q5(¢) # 0.

f(a) = h(a) + gla+ 7 - ¢)

is the support function for D(¢);



Use (6) to integrate the area of the moving centers D(¢).

J = / dK
(Q:NQ,£0)

27
= / / dadbdo
0 {925(¢): Ny (¢)£0}

27 2w
- / / f(0) () + F(a)] dardo
00
21 2w

Jihe) + gt n -0} |

0 0

h(e) +gla+m—¢)
+h(o) + gla+m—¢)

da dg



Using Fubini’s theorem, Cauchy’s Formula (5) and f027T h(a) da = 0,
2w 27 .
27 = /0 /O h(c) [h(a) + h(a)] dadep
2r 2w
+ [T [ elar - o)letat m-6)+ gt 7 - 9)] dado
o Jo
27 27
+/ / h(a)[gla+7—¢)+Ela+m—¢)] dp da
o Jo

+ /0 7 /0 7 gla+m— o) [h(a) + };(a)} do da
= 4m A(Q1) + 47 A(Q)

+ /0 ” h(a) [L(an) + o] da+ /O 2W L(990) [h(a) + }}(a)] da
= 4 A(Q) + 41 A(Q) + L(9Q1) L(9Q2) + L(92) [L(anl ) + o] .

0



39. Geometric Probability application of Poincaré’s and Santalé’s Formulz.

Corollary

Let 1 and Qy be bounded convex planar domains. The expected number
of intersections of 91 with a moving 0SY, given that 0, meets ; is

41(091) L(092)
E(n) = .
27T{A(Ql) n A(QQ)} +L(09) L(02)
If Qy = Q, are congruent, then E(n) > 2 with “=" iff Q1 is a circle.

Proof. Apply Poincaré’s and Santalé’s Formulas to the expectation

 Jroapanunons0y N0 N 0Q;) dK

f{Q;:leQg;Am} dkz

E(n)

If Q1 = Q5 are congruent, the isoperimetric inequality implies
412 412

E(n) = 2272, 2

4Tt A+L L°+L

= 2 with equality iff Q; is circle. [



Let C be closed piecewise C? curve.
Oa

The curvature is kK = —,

s
the rate of turning, where o gives
the angle via (cosa,sina) = Z, the

direction of C at Z.

Figure: Piecewise C? boundary with
corners at Z;

A piecewise C2 boundary is the

n
union of n curves 9) = U G.

i=1
The total curvature is the integral of
the curvatures over the C? curves C;
plus the turning angle at the vertices
Z; between C; and Cjy1

By the Gauss-Bonnet Formula, the
total curvature of a boundary is
related to the Euler Characteristic

c(0Q) = 27wx(Q).



41. Blaschke's Theorem for general domains.

Figure: Wilhelm Blaschke 1885-1962

Theorem (Blashke's Fundamental Formula [1936])

Let Q1 and Q, be plane domains bounded by finitely many oriented,
piecewise C?, simple, closed curves. We assume that Y, is moving in the
plane with kinematic density dK>. Then

o1 10 by =2 { BB ()

/{Qg;ngmm;&@} + L(0521) L(022)



Figure: Simple boundaries: count
components of intersection.

l Q,NQ,

Figure: Convex domains have
convex intersection.

Case 1. Both domains bounded by one
simple curve. Then ¢(Q;) = 2. Let
v(Q1 N Q5) be number of components.

/ (1 N Q) dK;
{9:4N01 £0}

— 21 {A(Q1) + A(R2)} + L(991) L(99).

Case 2. Both domains convex. Then
v(Q1 N Q) = 1. We recover (8):

/ Ko
{:4N01 40}

= QW{A(Ql) + A(Qg)} + L(8§21) L((‘?Qg)



43. lIsoperimetric Inequality - - An Integral Geometric Proof

Among all domains in the plane with a fixed boundary length, the circle
has the greatest area. For simplicity we focus on domains bounded by
simple curves.

Theorem (Isoperimetric Inequality.)

Let C be a simple closed curve in the plane whose length is L and
that encloses an area A. Then the following inequality holds

4rA < L2 (9)

If equality holds in (9), then the curve C is a circle.

Simple means curve is assumed to have no self intersections.

A circle of radius r has L = 27r and encloses A = 7r? = %.

Thus the isoperimetric Inequality says if C is a simple closed curve of
length L and encloses an area A, then C encloses an area no bigger than

the area of the circle with the same length.



A set K C E2 is convex if for every pair of points x,y € K, the straight
line segment Xy from x to y is also in K, i.e.,, Xy C K.

The bounding curve of a convex set is automatically rectifiable. The
convex hull of K, denoted K, is the smallest convex set that contains K.
This is equivalent to the intersection of all halfspaces that contain K,

K= N 2 = N H

Q is convex H is a halfspace
QDK HDK

A halfspace is a set of the form H = {(x,y) € E? : ax + by < c}, where
(a, b) is a unit vector and c is any real number.



Since K C K by its definition, we have A(K) > A(K).

Taking convex hull reduces the boundary length because the interior
segments of the boundary curve, the components of C — OK of C are
replaced by straight line segments in K. Thus also L(K) < L(9K).

A(K) = A(K)
L(3K) < L(9K)

R

Figure: The region K and its convex hull K.



46. Reduce proof of Isoperimetric Inequality to convex curves case.-

Thus the isoperimetric inequality for convex sets implies
4TA < 4mA < 1% < (2

Furthermore, one may also argue that equality 47A = L? implies equallty
47A = [2 in the isoperimetric inequality for convex sets so that Kis a
circle. But then so is K.

The basic idea is to consider the the extreme points 0*K c 9K of k
that is points x € K such that if x = \y + (1 —X)z for some y,z € K
and 0 < A< 1ltheny=2z=x. K is the convex hull of its extreme
points. However, the extreme points of the convex hull lie in the curve
9*K c CN oK. K being a circle implies that every boundary point is an
extreme point, and since they come from C, it means that C is a circle.



There are many proofs of the isoperimetric inequality. We shall give two
integral geometric arguments due to Luis Santalé.

The first argument only establishes the inequality part 47A < L2,

To show that the circle is the unique domain for which the
Isoperimetric Inequality is equality, we prove a strong isoperimetric
inequality (12) that follows from Bonnesen's inequality (11). The
second argument is Santald's proof of Bonnesen's inequality.



48. Santald’s proof of the Isoperimetric Inequality for convex sets.

Lemma (Isoperimetric Inequality for convex sets.)

If Q is a convex plane domain with boundary length L and area A, then

4nA < 12 (10)

Proof. Let 21 and Q5 be congruent copies of Q. Let m; denote the
measure of positions of a moving €, for which the number of
intersections

n(0Q NOY,) = i.

Note that positions that have an odd or infinite number of intersection
points is dK-measure zero so that

m; =0 if iis odd.



Then by Poincaré’s and Santalé’s formulas,

4'—(89)2 = / n(8§21 ﬂ89’2) dK =2my +4myg + 6mg + - - - ,
{2,:094n00, £0}
wA@ LV = [ K= matmatme

{9:Q4N0Q: 40}
Subtracting,
L(0Q)? — 47 A(Q) = my +2mg + 3mg + --- > 0,

since all the measures m; > 0. OJ



Let K be the region bounded by . The radius of the smallest circular
disk containing K is called the circumradius, denoted R,ut. The radius of
the largest circular disk contained in K is the inradius.

Rin = sup{r : there is p € E? such that B.(p) C K}
Rout = inf{r : there exists p € E2 such that K C B.(p)}




51. Bonnesen's Inequality

Theorem (Bonnesen's Inequality [1921])

Let Q be a convex plane domain whose
boundary has length L and whose area is A.
Let R;, and R,,: denote the inradius and
circumradius of the region 2. Then

sL> A+ ns? for all Riy < s < Roye. (11)

Bonnesen's strong isoperimetric inequality
Figure: T. Bonnesen 1873-1935 ¢4|1ows immediately.

Corollary (Strong Isoperimetric Inequality of Bonnesen)

Let Q be a convex planar domain with boundary length L and area A.
Let R;, and R+ denote the inradius and circumradius of the Q. Then

[2 — 47A > 72(Rout — Rin)>. (12)



Proof of corollary. Consider the quadratic function f(s) = ws? — Ls + A.
By Bonnesen's inequality, f(s) < 0 for all Rin <s < Rout. Hence these
numbers are located between the zeros of f(s), namely

_ LV —4rA

Rout = 2
™
L— L2 —47A
< Rin'
27
Subtracting these inequalities gives
[2 —47A

which is (12). O



Obvious. The strong isoperimetric inequality (12) implies part one of the
isoperimetric inequality (10), since 72(Rout — Rin)? > 0.

Moreover, if equality holds in (9), then L2 — 47 A = 0 which implies that
Rin = Rout, or € is a circle. O



54. Santald’s proof of Bonnesen's inequality

Theorem (Bonnesen's Inequality)

Let Q be a bounded convex plane domain whose boundary has length L
and whose area is A. Let R;, and R,,: be the inradius and circumradius
of the region Q2. Then sL > A+ 7ws2 for all Ry, < s < Royt.

Proof. Let Q1 = Q and Q) be a moving circular disk of radius s.
Because Rin <'s < Rout, the sets overlap, Q1 N, # 0, if and only if
their boundaries overlap, 91 N 9Q, # 0, hence the Poincaré and
Blaschke integrals are taken over the same positions of €25.

As before, let m; denote the measure of positions of the moving ) for
which the number of intersections n(9; N 0%Y,) = i, i.e.,

m; = dK ({ L n(9Q NI = ,}) .

Again, positions that have an odd or infinite number of intersection
points is dK-measure zero so that m; = 0 if / is odd.



Then by Poincaré’s and Santalé’s formulas,
8msL(0Q) = / n(0Q; N Q) dK = 2my + 4my + 6mg + - - -,
{Q:NQ 0}

21 A(Q) + 27252 + 2715 L(9Q) = / dK = my +mg+mg+--- .
(900}

Subtracting,
27r<s L(0Q2) — A(Q2) — 7752> = my +2mg +3mg +--- > 0,

since all the measures m; > 0. ]



Thanks!






